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Channel simulators based on Rice’s sum-of-sinusoids are playing an important role in fad-
ing channel modelling. However, the parameters of the sum-of-sinusoids have to be deter-

mined meticulously to fully exploit the potential that this powerful procedure has to offer.
This paper presents general conditions under which the sum-of-sinusoids procedure results
in a stationary and ergodic channel simulator. Moreover, with the help of the introduced
conditions, several established parameter computations methods will be investigated with

respect to their usability to design stationary and ergodic fading channel generators. It turns
out that if and only if the gains and frequencies are constant quantities and the phases are
random variables, then the sum-of-sinusoids defines a stationary and ergodic process.
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1. INTRODUCTION

The sum-of-sinusoids principle was originally
introduced in Rice’s seminal work [1,2] as a
method to model Gaussian noise with given corre-
lation properties. In present days, this principle is
very popular in mobile communications, since it
enables the design of efficient and flexible mobile
fading channel simulators. Its application ranges
from the development of fading channel genera-
tors for simple time-variant channels [3,4] over
frequency-selective channels [5,6] up to elaborated
space–time wideband channels [7,8]. However,
when Rice’s original method is used to compute
the model parameters, then the period of the
resulting fading process is merely proportional to
the number of sinusoids [6]. This is a serious
drawback, since it prevents keeping the realization
expenditure low. Fortunately, many alternative

methods (e.g., [3–5,9–14]) have been developed to
avoid this drawback.

Apart from the period, other performance mea-
sures are also important. For example, it is of cen-
tral importance to know the conditions under which
a finite sum of harmonic functions with random
parameters results in a stationary and ergodic chan-
nel simulator. To provide a solution to this problem
is the topic of the present paper. Here, general con-
ditions are stated guaranteeing that a fading chan-
nel simulator based on the sum-of-sinusoids
principle is not only stationary but also ergodic. In
practical applications, ergodic channel simulators
are beneficial, since they enable to minimize the
number of required simulation runs.

The organization of the paper is as follows. Sec-
tion 2 describes the reference model defined by an
infinite number of sinusoids. Limiting the number of
sinusoids leads to the simulation model introduced
in Section 3. Section 4 introduces performance cri-
teria, which are used in Section 5 to classify the
simulation models. Section 6 applies the proposed
concept to several parameter computation methods.
Finally, Section 7 draws the conclusion.
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2. THE REFERENCE MODEL

For our purpose, it is sufficient to consider Ray-
leigh fading. A Rayleigh process, fðtÞ, is defined as

fðtÞ ¼ jl1ðtÞ þ jl2ðtÞj; ð1Þ

where l1ðtÞ and l2ðtÞ are two zero-mean real Gaus-
sian processes, each with variance r20. As usual, it is
assumed that l1ðtÞ and l2ðtÞ are uncorrelated.
According to Clarke’s [15] popular two-dimensional
isotropic scattering model, the autocorrelation func-
tion rliliðsÞ of liðtÞ ði ¼ 1; 2Þ is given by

rliliðsÞ ¼ r20 J0ð2pfmaxsÞ; ð2Þ

where J0ð�Þ denotes the zeroth-order Bessel func-
tion of the first kind and fmax is the maximum
Doppler frequency. The principle of Rice’s sum-of-
sinusoids [1,2] is based on a superposition of an
infinite number of weighted sinusoids with equidi-
stant frequencies and random phases. Using this
principle, a Gaussian process liðtÞ can be modelled
as

liðtÞ ¼ lim
Ni!1

XNi

n¼1

ci;n cosð2pfi;nt þ hi;nÞ; ð3Þ

where Ni denotes the number of sinusoids. Accord-
ing to Rice [1,2], the gains ci;n and frequencies fi;n in
the expression above are given by

ci;n ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dfi Sliliðfi;nÞ

q
; ð4Þ

fi;n ¼ nDfi; ð5Þ

respectively, where i ¼ 1; 2, and n ¼ 1; 2; . . . ;Ni. In
Eq. (3), the phases hi;n are assumed to be random
variables having a uniform distribution in the inter-
val (0, 2p]. The quantity Dfi appearing in Eqs. (4)
and (5) is chosen in such a way that the relevant
one-sided frequency range is completely covered by
Eq. (5). The symbol Sliliðf Þ in Eq. (4) denotes the
Doppler power spectral density, which is related to
the autocorrelation function rliliðsÞ via the Fourier
transform.

Since the number of sinusoids Ni is infinite in
Eq. (3), a software or hardware realization of liðtÞ
does not exist. Nevertheless, liðtÞ in Eq. (3) is useful
because it describes the reference model. A reference

model is important mainly for two reasons. First,
the non-realizable stochastic reference model is the
starting point for the derivation of a realizable sto-
chastic (or deterministic) simulation model. And
second, the reference model enables us to measure
the performance of the resulting simulation model
described in Section 3.

3. THE SIMULATION MODEL

A realizable stochastic simulation model is
obtained by using only a finite number of sinusoids
Ni. Hence,

l̂iðtÞ ¼
XNi

n¼1

ci;n cosð2pfi;nt þ hi;nÞ; ð6Þ

where the gains ci;n and frequencies fi;n are still con-
stants, and the phases hi;n are again uniformly dis-
tributed random variables.

Now, we consider the phases hi;n as outcomes
(realizations) of a random generator with a uniform
distribution in the interval (0, 2p]. In this case, the
phases hi;n are real-valued constant quantities, and
the stochastic process l̂iðtÞ results in a sample func-
tion denoted by

~liðtÞ ¼
XNi

n¼1

ci;n cosð2pfi;nt þ hi;nÞ: ð7Þ

Note that different realizations of the sets fhi;ng
give different sample functions ~liðtÞ. Note also
that the stochastic process l̂iðtÞ can be interpreted
as a family (or an ensemble) of sample functions,
i.e.,

l̂iðtÞ ¼ f~liðtÞ j t 2 Rg: ð8Þ

Since the sample function ~liðtÞ is completely deter-
ministic, we call ~liðtÞ a deterministic process. Such
a process can easily be implemented on a hardware
or software platform. The realization of a determi-
nistic process ~liðtÞ in form of a hardware system or
a software program is called a deterministic simula-
tion model.

The relationships between reference models,
stochastic simulation models, and deterministic
simulation models are shown in Fig. 1. This figure
illustrates the following interpretations:
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1. If hi;n is a random variable and Ni ! 1,
then l̂iðtÞ tends to the Gaussian process liðtÞ
describing the reference model.

2. If hi;n is a random variable and Ni is finite,
then l̂iðtÞ is a stochastic process, i.e., a
family (or an ensemble) of sample functions
~liðtÞ: The realization of the stochastic pro-
cess l̂iðtÞ is called the stochastic simulation
model.

3. If hi;n is fixed, then l̂iðtÞ results in a specific
sample function ~liðtÞ ¼ l̂iðt; hi;nÞ called a
deterministic process. Its realization is said
to be a deterministic simulation model.

4. If t ¼ t0 is fixed and hi;n is a random vari-
able, then l̂iðt0Þ ¼ f~liðtÞ j t ¼ t0g is a random
variable.

5. If both t ¼ t0 and hi;n are fixed, then l̂iðt0Þ is
a real number equalling ~liðt0Þ.

For the performance evaluation of the stochas-
tic simulation model, it is important to know the
conditions for which the stochastic process l̂iðtÞ is
stationary and ergodic. A clear understanding of
stationary and ergodic processes is important for
the intention of the paper. We will therefore review
these two terms briefly.

4. PERFORMANCE CRITERIA

4.1. Stationarity

A stochastic process l̂iðtÞ is said to be first-
order stationary (FOS) [16, p. 392] if the

first-order density of l̂iðtÞ is independent of time
t, i.e.,

p̂liðx; tÞ ¼ p̂liðx; t þ cÞ � p̂liðxÞ ð9Þ

holds for all values of t and c 2 R. This implies that
the mean and the variance of l̂iðtÞ are independent
of time as well.

A stochastic process l̂iðtÞ is called wide-sense
stationary (WSS) [16, p. 388] if l̂iðtÞ satisfies the fol-
lowing two conditions:

(1) The mean of l̂iðtÞ is constant, i.e.,

Efl̂iðtÞg ¼ m̂li ¼ const: ð10Þ

(2) The autocorrelation function of l̂iðtÞ
depends only on the time difference
s ¼ t1 � t2, i.e.,

r̂liliðt1; t2Þ ¼ r̂liliðsÞ ¼ Efl̂iðtÞl̂iðt þ sÞg ð11Þ

for all t1 and t2.

4.2. Ergodicity

A stochastic process l̂iðtÞ is mean-ergodic if its
ensemble average m̂li equals the time average ~mli of
~liðtÞ, i.e.,

m̂li ¼ ~mli : ¼ lim
T!1

1

2T

ZT
�T

~liðtÞ dt: ð12Þ

Fig. 1. Relationships between a Gaussian process (reference model), stochastic process (stochastic simulation model), sample function
(deterministic simulation model), random variable, and a real number.
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The stochastic process l̂iðtÞ is autocorrelation-ergo-
dic if its autocorrelation function r̂liliðsÞ equals the
time autocorrelation function ~rliliðsÞ of ~liðtÞ: i.e.,

r̂liliðsÞ ¼ ~rliliðsÞ ¼ lim
T!1

1

2T

ZT
�T

~liðtÞ~liðt þ sÞ dt:

ð13Þ

Remember that an ergodic process is always sta-
tionary, but a stationary process needs not to be
ergodic [16].

5. CLASSIFICATION OF CHANNEL

SIMULATORS

In the following, it is assumed that ci;n 6¼ 0 and
fi;n 6¼ 0 for all n ¼ 1; 2; . . . ;Ni and i = 1, 2. Further-
more, we impose on the sum-of-sinusoids model
that the absolute values of all frequencies, jfi;nj, are
different, i.e., (i) jfi;1j 6¼ jfi;2j 6¼ � � � 6¼ jfi;Ni j for i = 1,
2 and (ii) fjf1;njgN1

n¼1 \ fjf2;njgN2

n¼1 ¼ ;, where ;
denotes the empty set. The former condition (i) is
introduced as a measure to avoid intra-correlations,
i.e., correlations within ~liðtÞ (i = 1, 2), and the lat-
ter condition (ii) ensures that the cross-correlation
(inter-correlation) of ~l1ðtÞ and ~l2ðtÞ is zero.

5.1. Class I Channel Simulators

The channel simulators of Class I are defined
by the set of stochastic processes l̂iðtÞ [see (6)] with
constant gains ci;n, constant frequencies fi;n, and
random phases hi;n , which are uniformly distributed
in the interval (0, 2p]. In this case, the first-order
density of l̂iðtÞ is given by [17]

p̂liðxÞ ¼ 2

Z1
0

YNi

n¼0

J0ð2pci;nmÞ
" #

cosð2pmxÞ dm: ð14Þ

Note that the density in Eq. (14) is independent of
time. From Eq. (6), it follows that the mean of l̂iðtÞ
is constant and equal to zero, because

m̂li ¼ Efl̂iðtÞg

¼
XNi

n¼1

ci;nEfcosð2pfi;nt þ hi;nÞg

¼ 0: ð15Þ

Substituting Eq. (6) in Eq. (11) results in the auto-
correlation function

r̂liliðsÞ ¼
XNi

n¼1

c2i;n
2

cosð2pfi;nsÞ; ð16Þ

which is a function of s ¼ t1 � t2. From Eqs. (14) to
(16) it follows that l̂iðtÞ is both FOS and WSS,
because the first-order density p̂liðxÞ is independent
of time and the conditions (i) and (ii) (see Eqs. (10)
and (11)) are fulfilled.

For a specific realization of the random
phases hi;n, it follows from Fig. 1 that the stochas-
tic process l̂iðtÞ results in a deterministic process
(sample function) ~liðtÞ. The mean ~mli of ~liðtÞ is
obtained by substituting Eq. (7) in the right-hand
side of Eq. (12). By taking into account that
fi;n 6¼ 0, we obtain

~mli ¼ 0: ð17Þ

Comparing Eq. (15) with (17), we realize that the
identity m̂li ¼ ~mli holds, which states that l̂iðtÞ is
mean-ergodic. Substituting Eq. (7) into the right-
hand side of Eq. (13) gives the autocorrelation func-
tion of ~liðtÞ in the following form [6]

r̂liliðsÞ ¼
XNi

n¼1

c2i;n
2

cosð2pfi;nsÞ: ð18Þ

A comparison of Eqs. (16) and (18) shows that l̂iðtÞ is
autocorrelation ergodic, since the criterion r̂liliðsÞ ¼
~rliliðsÞ is fulfilled.

5.2. Class II Channel Simulators

Class II channel simulators are defined by the set
of stochastic processes l̂iðtÞ with constant gains ci;n,
random frequencies fi;n, and random phases hi;n. For
this class of channel simulators, we assume that the
frequencies fi;n, are given by fi;n ¼ fmax sinðui;np=2Þ,
where ui;n is a random generator having a uniform
distribution in the interval (0, 1].

The assumption that the frequencies fi;n are
random variables has no effect on the density p̂liðxÞ
of l̂iðtÞ. Hence, the density p̂liðxÞ is still given by
Eq. (14). Also the mean m̂li is equal to zero, and,
thus, identical to Eq. (15). But the autocorrelation

66 Pätzold



function r̂liliðsÞ in Eq. (16) has to be averaged with
respect to the random frequencies fi;n, i.e.,

r̂liliðsÞ ¼
XNi

n¼1

c2i;n
2

Efcosð2pfi;nsÞg: ð19Þ

Independent of a specific distribution of fi;n, it can
be stated that l̂iðtÞ is both FOS and WSS, since the
density p̂liðxÞ according to Eq. (14) is independent
of time and the conditions in Eqs. (10) and (11) are
fulfilled. Furthermore, the condition m̂li ¼ ~mli holds,
so that l̂iðtÞ is mean-ergodic.

When using the Monte Carlo method [5,9], the
gains ci;n and frequencies fi;n are given by

ci;n ¼ r0

ffiffiffiffiffi
2

Ni

s
fi;n ¼ fmax sin

p
2
ui;n

� �
; ð20Þ

respectively, where ui;n is a random variable with a
uniform distribution in the interval (0, 1]. Using
Eq. (20) in Eq. (19) results in

r̂liliðsÞ ¼ r20J0ð2pfmaxsÞ: ð21Þ

Obviously, the autocorrelation function r̂liliðsÞ of
the stochastic simulation model is identical to the
autocorrelation function rliliðsÞ of the reference
model described by Eq. (2). However, a comparison
of Eqs. (21) and (18) shows that r̂liliðsÞ 6¼ ~rliliðsÞ.
Thus, the stochastic process l̂iðtÞ of a Class II chan-
nel simulator is non-autocorrelation-ergodic. The
problems of non-autocorrelation-ergodic channel
simulators based on the Monte Carlo method have
been discussed in [18].

5.3. Further Classes of Stochastic Channel

Simulators

For any given number of sinusoids Ni > 0, the
stochastic process l̂iðtÞ depends on three types of
parameters (gains, frequencies, and phases), each of
which can be a collection of random variables
or constants. However, at least one random variable
is required to obtain a stochastic process
l̂iðtÞ—otherwise a deterministic process ~liðtÞ is
obtained, as pointed out in Fig. 1. Therefore, all
together 23 � 1 ¼ 7 classes of stochastic Rayleigh
fading channel simulators can be defined. One class
of stochastic channel simulators, for example, is
defined by postulating random values for the gains
ci;n; frequencies fi;n; and phases hi;n. The analysis of
the seven classes of stochastic channel simulators
with respect to their stationary and ergodic proper-
ties is straightforward and leads to the results shown
in Table I. The details are omitted here for reasons
of brevity.

6. APPLICATION TO PARAMETER

COMPUTATION METHODS

The above concept will now be applied to some
selected parameter computation methods. Starting
with the original Rice method [1,2] and using a
limited number of sinusoids Ni, we realize by consid-
ering Eqs. (4) and (5) that the gains ci;n and frequen-
cies fi;n are constant quantities. Due to the fact that
the phases hi;n; are random variables, it follows from
Table I that the resulting channel simulator belongs
to Class I. Such a channel simulator generates sto-
chastic processes which are not only FOS but also
mean- and autocorrelation-ergodic. On the other

Table I. Classes of Stochastic Channel Simulators and Their Statistical Properties

Class Gains ðci;nÞ Frequencies ðfi;nÞ Phases ðhi;nÞ First-order stationary Wide-sense stationary Mean-ergodic Autocor.-ergodic

I Const. Const. RV Yes Yes Yes Yes

II Const. RV RV Yes Yes Yes No

III Const. RV Const. No/Yesa, b, c, d No/Yesa, b, c No/Yesa, b No

IV RV Const. Const. No No No/Yese No

V RV Const. RV Yes Yes Yes No

VI RV RV Const. No/Yesa, b, c, d No/Yesa, b, c No/Yese or a, b No

VII RV RV RV Yes Yes Yes No

a If the density of fi;n is an even function.
b If the boundary condition

PNi
n¼1 cosðhi;nÞ ¼ 0 is fulfilled.

c If the boundary condition
PNi

n¼1 cosð2hi;nÞ ¼ 0 is fulfilled.
d Only in the limit t !–1:
e If the gains ci;n have zero mean, i.e., Efci;ng ¼ 0:
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hand, if the Monte Carlo method [5,9] or the
method due to Zheng and Xiao [11] is applied, then
the gains ci;n are constant quantities, and the fre-
quencies fi;n and phases hi;n are random variables.
Consequently, the designed channel simulator can
be identified as a Class II channel simulator, which
is FOS, WSS, and mean-ergodic but unfortunately
non-autocorrelation-ergodic. For a given parameter
computation method, the stationary and ergodic
properties of the designed channel simulator can
easily be checked with the help of Table I. Note that
the above concept can be applied to any given para-
meter computation method. For some selected meth-
ods, the obtained results are presented in Table II.

Of great popularity is the Jakes method [3].
When this method is used, then the gains ci;n; fre-
quencies fi;n; and phases hi;n are constant quantities.
Consequently, the Jakes channel simulator is per
definition deterministic. To obtain a stochastic
channel simulator, it is advisable to replace the
deterministic phases2 hi;n by random phases hi;n. In
this case, the Jakes method results in a Class I
channel simulator, which is FOS, WSS, mean-ergo-
dic, and auto-correlation-ergodic. However, this is
in contrast to the analysis of Jakes’ simulator in
[13], where it has been assumed that the gains ci;n
are random variables. But this assumption is not in
the sense of the original Jakes method and leads
not to the correct results.

Nevertheless, the Jakes simulator has some dis-
advantages [19], which can be avoided, e.g., by
using the method of exact Doppler spread [4] or the
even more powerful Lp-norm method [4]. Both
methods enable the design of deterministic channel

simulators, where all parameters are fixed including
the phases hi;n. The investigation of the stationary
and ergodic properties of deterministic processes
makes no sense, since the concept of stationarity
and ergodicity is only applicable to stochastic pro-
cesses. A deterministic channel simulator can be
interpreted as an emulator for sample functions of
the underlying stochastic channel simulator.
According to Fig. 1, the corresponding stochastic
simulation model is obtained by replacing the con-
stant phases hi;n by random phases hi;n. Important is
now to realize that all stochastic channel simulators
derived in this way from deterministic channel simu-
lators are Class I channel simulators with the
known statistical properties as they are listed in
Table I. This must be taken into account when con-
sidering the results shown in Table II.

7. CONCLUSION

In this paper, the stationary and ergodic prop-
erties of Rayleigh fading channel simulators using
the sum-of-sinusoids principle have been analyzed.
Depending on whether the model parameters are
random variables or constant quantities, altogether
seven classes of stochastic channel simulators have
been defined. It turned out that if and only if the
phases are random variables and the other model
parameters are constant, then the channel simulator
is both stationary and ergodic. If the frequencies
are random variables, then the stochastic channel
simulator is stationary but non-autocorrelation-
ergodic. The worst case however, is given when the
gains are random variables and the other para-
meters are constant. Then, a non-stationary stochas-
tic channel simulator is obtained.

Table II. Overview of Parameter Computation Methods and the Statistical Properties of the Resulting Channel Simulators

Parameter computation method Class First-order stationary Wide-sense stationary Mean-ergodic Auto-correlation-ergodic

Rice method [1,2] I 4 4 4 4

Monte Carlo method [5,9] II 4 4 4 ·
Jakes method (with random phases) [3] I 4 4 4 4

Harmonic decomposition technique [14] I 4 4 4 4

Method of equal distances [10] I 4 4 4 4

Method of equal areas [10] I 4 4 4 4

Mean-square-error method [10] I 4 4 4 4

Method of exact Doppler spread [4] I 4 4 4 4

Lp-norm method [4] I 4 4 4 4

Method proposed by Zheng and Xiao [11] II 4 4 4 ·
Improved method by Zheng and Xiao [12] VII 4 4 4 ·

2 It should be noted that the phases hi;n in Jakes’ channel simula-
tor are equal to 0 for all i = 1, 2 and n ¼ 1; 2; . . . ;Ni [19].
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The results presented here are of fundamental
importance for the performance evaluation of exist-
ing design methods. Moreover, the results give stra-
tegic guidelines to engineers for the development of
new design methods.

REFERENCES

1. S. O. Rice, Mathematical analysis of random noise, Bell Sys-
tem Technical Journal, Vol. 23, pp. 282–332, Jul. 1944.

2. S. O. Rice, Mathematical analysis of random noise, Bell Sys-
tem Technical Journal, Vol. 24, pp. 46–156, Jan. 1945.

3. W. C. Jakes, Ed., Microwave Mobile Communications. IEEE
Press, Piscataway, NJ, 1993.

4. M. Pätzold, U. Killat, F. Laue, and Y. Li, On the statistical
properties of deterministic simulation models for mobile fad-
ing channels, IEEE Transactions on Vehicular Technical, Vol.
47, No. 1, pp. 254–269, Feb. 1998.
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